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ABSTRCLCT 

Experimental and theoretical studies of the laminar boundary layer 
in the nozzle of an arc-heated wind tunnel are reported. Measurements 
were conducted with air as the effluent, with stagnation enthalpies 
from 2000 to 6000 Btu/lb at stagnation pressures near 1 atm. The data 
were obtained under conditions such that the boundary layer composed a 
major portion of the flow field. 
velocity and temperature profiles were obtained with an electron beam 
and various probes. 
tributions and boundary layer profiles were examined for applicability 
in high-enthalpy nozzle flows. 
found to yield displacement thicknesses within 4% of the measured values 
when the effects of displacement interaction were included. 
nique of Beckwith and Cohen and Pohlhausen energy and momentum integral 
methods were found to be unsatisfactory for estimating the thickness 
distributions. 
demonstrated that superior thickness results are obtained with a con- 
sistent treatment of the curvature effects. 

Boundary layer thicknesses and detailed 

Theoretical analyses for predicting thickness dis- 

The method of Cohen and Reshotko was 

The tech- 

Inclusion of transverse curvature in the analyses 

Comparison of the theoretical and experimental boundary layer 
profiles show that the temperature profiles are very sensitive to the 
technique of computation. 
over-estimate the peak temperature in the boundary layer. Transverse 
curvature effects were found to have a minor influence on the profiles. 
Good agreement of the experimental profiles with those computed with 
the locally similar form of the boundary layer equations was obtained 
when the proper value for the pressure gradient parameter (f3) was 
employed. 

Flat plate theories were found to greatly 

Measurement of the temperature and density profiles with several 
techniques and the molecular nitrogen vibrational temperature profiles 
obtained with the electron beam indicated that there was little chemi- 
cal activity within the boundary layer. 
tion of vibrational temperature was obtained suggesting the existence 
of a wall effect on the vibrational relaxation process. 

However, an anomolous distribu- 
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LaMINAR BOUNDARY IAYERS IN HIGH ENTHALPY FLOWS 

I. INTRODUCTION \ 

There is considerable interest in the properties of laminar bound- 
ary layers in high-enthalpy flows. Successful nozzle design for high- 
enthalpy test facilities necessitates accurate techniques for the pre- 
diction of boundary layer growth rates and wall heat transfer rates. 
Further, the aerodynm5.c characteristics of flight vehicles at high I 

altitudes are controlled by bounaary layer phenomena. 

Various approxhate methods have been proposed for analysis of 
these high-enthalpy laminar boundary layers. 
complicated by the possible existance of thermochemical nonequilibrium 
in the effluent and by the possible influences of transverse curvature 
effects. 

However, the analyses are 

The purpose of this paper is to present the results of experimental 
and theoretical analyses of the high-speed laminar boundary layer in 
the nozzle of an arc-heated wind tunnel. 
and profiles of velocity, density, molecular concentration, static 
temperature, and vibrational temperature were measured at various axial 
locations in the supersonic portion of the nozzle flow field. The 
measurements were obtained in expanded arc-heated air flows under con- 
ditions such that the boundary layer comprised a major portion of the 
flow field. 
ciently high to cause almost complete dissociation of m3lecular oxygen 
at an equilibrium stagnation point and significant nonequilibrium in 
the vibrational energy mode of molecular nitrogen. 

Boundary layer growth rates 

In addition, the stagnation enthalpy of the flow was suffi- 

The experimental results are compared with those from various 
theoretical methods. 
and Edenfield and Boudreau2 give reasonable estimates of boundary layer 
thicknesses, other techniques of analysis must be employed to obtain 
more detailed infomtion. The theoretical methods include application 
of Pohlhausen techniques 
similarity ‘2’ and finite difference integration of the boundary layer 
equations .Q,738 

While the empirical formulas of Burke and BirdL 

methods utilizing the concept of local 

H i g h  enthalpy nozzle flaws prwide extreme ranges of conditions 
for development of the boundary layer. 
flow, there are large changes in static temperature through the layer so 
that changes in fluid properties (i.e . , viscosity-density product) 
must be considered. 
extremely large axial gradients in the inviscid flow properties. 
large gradients invalidate the assumption of local similarity and may 
influence the boundary lzyer at large distances downstream of the 
throat. 
becomes so large that displacement interaction and transverse curvature 
effects become significant. 

In the subsonic region of the 

In the region near the nozzle throat there are 
These 

In the supersonic flow, the boundary layer thickness frequently 
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Numerical schemes -for ing the boundary layer equations retain- 
e terms have been developed. ing the nonsimilar and c 

when displacement heraction must be considered, a time-consuming 
iterative technique of solution must be employed. 
accurate method of predicting boundary layer growth rates and detailed 
profile parameters would be extremely desirable. 

However, 

Hence, a rapid and 
. 

A computation scheme employing the separability of curvature and 
The results from displacement interaction effects is developed here. 

this theoretical method and from those commonly employed for laminar 
boundary layer analysis are compared with the experimental results. 
These comparisons demonstrate the relative applicability of the theo- 
retical methods and indicate the importance of the influences of prior 
history, curvature, and displacement interaction in the development of 
the boundary layer. 
layers, the results are applicable to any axisymmetric geometry. 

While the main emphasis here is on nozzle boundary 

For the $range of wind tunnel stagnation conditions investigated, 
the studies previously reported9,lo show that the gas expands in the 
inviscid flow with a frozen chemical composition. The results discussed 
here also indicate that there is little chemical activity within the 
boundary layer. Hence, the influences of chemical reactions and species 
diffusion are not considered in formulation of the theoretical methods 
of boundary layer analysis. 

Results obtained in the free jet a smll distance downstream of 
These studies have been the nozzle exit were reported previously,ll 

extended to include the boundary layer inside the nozzle at various 
axial stations and the results are reported here. 
11 are included for purposes of discussion and completeness. 

Data from Reference 

11. THEORETICAL ANLGYSIS 

A. BOUNAARY LAYER EQ,UA.TIONS 

The theoretical methods of predicting boundary layer characteristics 
in axismetric nozzles are described in this section. 
tions for thick laminar layers, including the effects of transverse 
curvature, have been discussed by Frobstein and Elliott .14 
to Fig. 1, these equations are: 

The basic equa- 

Referring 

(Pur1x + (pvr1y = 0 , (1 1 

(2 1 1 
r P(UUX+v+ = PlUlUlX + - (Pmy& y and, 
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where 

H=h+-$u2 . 
Various techniques for solution of the boundary layer equations 

have been discussed in the literature. 
into three general catagories: 
methods, and (3) similarity analysis. 
second-order transverse curvature (TVC) effect is neglected and no 
attempt is made to include the interaction of the boundary layer with 
the external inviscid flow. In this discussion, the transverse curva- 
ture term will be retained in the boundary layer equations and tech- 
niques fo r  including displacement interaction w i l l  be examined, 

These techniques may be grouped 
(1) numerical integration, (2) integral . 

However, in nost analyses the 

The boundary layer equations can be rewritten by introducing a 
modified form of Stewartson' s12 transformation defined by 

and 

where h is defined by the viscosity law4 

L = A -  T 
TO 

. 
Po 

A stream function is defined such that 

and 

- p  UT . % - po 

(7 )  

Applying Eqs. ( 5 ) - ( 9 )  to the boundary layer Eqs.  (1-3) results in 

,+vy=O , (10) 

4 



where 

Equations (5)-(15) are the same as those of Cohen and Reshotko* 
These equations can be except for the inclusion of the TVC: term, R. 

written in a form suitable for similarity analysis by introducing the 
transformation. 

$ =4+(4)U1f(E,,,) , (17) 

where A(4) is an arbitrary scaling factor. 
the incompressible form of the boundary layer Eqs. (10-12) results in 

Applying Eqs. (17)-(19) to 

with boundary conditions 

5 



An alternate form of the boundary layer equations can be obtained 
I with a modification of the khy-Lees transformation suggested by the 
work of Beckwith and Cohen.’ Let 

and 

With a transformed steam function defined as 

f(E,rl> = 4&Gz7 

where 5 is an arbitrary scaling factor and 

c = PP/PWcL, 3 

R=l-A~&‘:dq , and 

6 



Equations (28) and (29). and, the 
I and (24) differ from those of Bechi 

ansformation defined by Eq. (23) 
Cohen since transverse curva- 

ture effects are included through the appearance of R, 

Both sets of transformed equations given above are exact within the 
framework of boundary layer theory. 
retained, transverse curvature effects have not been neglected, and the 
Prandtl number has not been assumed constant. 
composition of the flow within the boundary layer has been assumed con- 
stant * 

The "nonsimilar" terms have been 

However, the chemical. 

B. GENERAL MFLCHOD OF SOLUTION 

The boundary layer displacement thickness, skin friction, and heat 
transfer rate are obtained by solving either Eq. (20)-(21) or  (28)-(33) 
for the boundary layer profiles. A general solution of these equations 
necessitates,numerical integration of their finite-difference equivalents. 
In addition, provisions must be made to account for the interaction of 
the boundary layer with the inviscid flow. 

To account for this displacement interaction, the boundary layer 
displacement thickness must be computed and revised inviscid flow 
properties must be obtained. The revised properties are determined by 
decreasing the effective nozzle radius by an amount equal to thebound- 
a V  layer displacement thickness. The revision of the inviscid flow 
properties requires recomputation of the boundary layer displacement 
thickness and an iterative scheme of solution is required. For the 
range of stagnation conditions considered here, five iterations are 
necessary before four-place accuracy in displacement thickness is 
obtained. 

The numerical techniques of Smith and Clutter7 appear well-suited 
for numerical computation of nozzle boundary layer properties including 
TVC ef'fects. The stream-wise derivatives in the transformed boundary 
layer equations are replaced by their finite difference equivalents and 
boundary layer profiles are obtained at various x-locations. Since the 
transformation is applied mainly for numerical convenience, its detailed 
form is not important. 
the step-size in the direction of flow must be reduced to maintain 
accuracy. 
properly account for displacement interaction can lead to prohibitively 
long computing times. 

However, in high-gradient regions of the flow, 

This smaU step-size coupled with the need for iteration to 

To circumvent the long computing time required for "exact" numeri- 
cal. solution of the boundary layer equations with displacement inter- 
action, an approximate method based on the separability of interaction 
and curvature effects has been developed. In this method, the concept 
of local. similarity in the boundary layer is employed. 

7 



The conditions under wueh similar solutions of the boundary layer 
I equations can be found are determined by requiring that f be a function 
only of q. Substitution of this condition in Eqs. (20) and (21) gives 

and 

With constant Prandtl nwiber, similarity exists only under the following 
conditions: 

(a) A(u~A)~ = constant , 
(b) f3 8 =  A2U15 = constant , 

(d) PR = 1 or  u$/H1 = constant, and 

(e) S, = constant . 
The' constants in either (a) or 

value with no loss of generality. 

Accordingly, let 

A(U1A)g 

Solution of Eq. (36) yields 

(b) can be assigned an arbitrary 

= 1  . ( 3 6 )  

The similarity conditions then become: 

p = A2dU1/dx = constant , 
c 

(38) 

(39) 

A~ = A~ = constant , 
hi 

8 



PR = 1 or U?/Hi = constant , and (41.1 

Sw = constant . (42) 
With B given by Eq. (37), A, A i ,  and AS can be given in tern of integrals 
over the external flow parameters. The similarity equations reduce to 

(43 1 

(44 1 

where 

and 

When the bounary layer thickness, 6, is such that tr nsverse 
curvature effects are negligible and R = 1, Eq. (43)-(46) reduce to 

f"' + ff" I- p (l+S-f'2) = 0 (47) 
and 

2 
S" + PRfS' + = (PR4)(f'f")' = 0 

Hi 

and the conditions for similarity become 

f3 = A"dUl/dx = constant , 
PR = 1 or uf/Hi = constant , and (50) 

% = constant . (51) 

The types of flow fur which similar solutions of Eq. (43)-(46) 
exist have been examined by Yasuhara. l3 The existance of similar 
solutions for Eq. (47)-(48) has been discussed by Cohen and Reshotko. 
In a general flow field, these similarity conditions cannot be satisfied. 
However, solutions can be obtained with the assumption of local simi- 
larity . 

4 
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When the assumption of local similarity is maide, the flow proper- 
The 

nonsimilar terms on the right-hand sides of the momentum equation (20) 
and energy equation (21) are dropped. 
left-hand sides of the equations are assumed to take local values and 
the boundary layer equations are considered as ordinary differential 
equations in 7 with 5 as a parameter. 
layer is ignored except for its influence in the calculation of 5 .  

1 ties are assumed to vary slowly in the stream-wise ( E )  direction. 

The E-dependent terms on the 

Thus, the history of the boundary 

With the assumption of local similarity and retaining the TVC terms, 
The quantities the boundary layer equations reduce to Eq. (43) and (44). 

f3, Ax, A;1, and uf/Hx are considered as parameters in the solution. With 
the neglect of TVC effects, Eq. (47) and (48) result. Profile solutions 
are obtained from these equations at various locations in the flow field 
and the solutions are patched together to give the variation of dis- 
placement thickness, surface skin friction, etc. 

It is clear from Eq. (47)-(51) that when transverse curvature 
effects are neglected and PR is set equal to unity, universal solutions 
for the boundary layer profiles can be obtained in terms of the para- 
meters f3 and %. Hence, profile solutions can be tabulated in terms of 
these two parameters independent of the detailed free-stream properties. 
Once the value of f3 is determined, these profile tabulations can be con- 
sulted to obtain the complete solution. 
curvature terms are retained in the boundary layer equations, no univer- 
sal solutions exist. 
flow properties through the parameters A 1  and AS. 
files must be computed at each stream-wise location. 

However, when the transverse 

The profiles depend explicitly on the external 
Hence detailed pro- 

When significant displacement interaction efYects must be considered, 
the application of local similarity with transverse curvature appears 
to provide no particular advantage over straightforward numerical 
solution of the boundary layer equations. 
inviscid flow introduced to account for displacement interaction, new 
profile solutions must be obtained and these must be patched together 
to give the revised displacement thickness distribution. 

With each correction to the 

The numerical integration of the boundary layer equations can be 
simplified considerably by employing the separability of curvature and 
displacement interaction effects. 
and Probstein’’ have shown that in certain simplified cases transverse 
curvature does not alter the displacement thickness to first-order, 
This is exemplified by the calculations for external boundary layers by 
Jaffe, Lind, and Smith,18 where transverse curvature effects were found 
to markedly alter the profiles and surface skin friction distribution 
while causing only a minor change in the displacement thickness from 
that calculated neglecting transverse curvature. Thus, the boundary 
layer displacement thickness and the displacement interaction effects 
can be computed neglecting the curvature terms. 
of interaction thus accounted for, the boundary layer equations including 

Probstein and ElliottL4 and Hayes 

With the major effects 

10 



curvature and the "nonsimilar" tern may be integrated numerically to 
obtain skin friction, heat transfer rate, detailed boundary layer pro- 
files, and the revised displacement thickness. Since curvature does 
not alter the displacement thickness to first-order, the revised thick- 
ness differs little from that computed without curvature and there is 
no need to alter the free-stream flow and repeat the solution. 

Numerical integration of the boundary layer equations for high- 
enthalpy nozzle flows presents extreme numerical difficulties. 
of equations constitutes a boundary value problem with boundary condi- 
tions specified at the wall and at the outer edge of the layer. The 
integration usually is accomplished by assuming values for the unknown 
derivatives at the wall, f"(0) and S f  (0). The resulting solution at 
the outer edge is examined and the assumed values of the wall derivatives 
are readjusted until the outer boundary conditions are satisfied. 
the region of the nozzle throat, pressure gradient parameters (B) in 
excess of 10 can result. For these high values of f3 the solution of the 
transformed momentum equation is extremely sensitive to the assumed 
value for f"(0). A limited number of solutions of the set of nonsimilar 
equations have been obtained in the course of these studies and it has 
been found that divergent solutions for f' oscillating between +.=result 
from as little as a 10-"% change in f"(0). 
nature of the nozzle flow, adequate boundary layer thicknesses can be 
obtained without detailed numerical integration of the nonsimilar bound- 
ary layer equations. 

The set 

In 

However, because of the 

The nonsimilar nature of the flow field is expected to be most 
important in the region of the nozzle throat where the flow properties 
vary rapidly with distance along the nozzle centerline. However, in 
the throat region the boundary layer thicknesses are extremely small 
because of the relatively high Reynolds number and large amounts of 
wall cooling. 
by neglect of the nonsimilar terms are expected to be a negligible frac- 
tion of the nozzle radius. 
regions where the boundary layer thicknesses are large, the changes in 
the pressure gradient parameter in the flow direction are small so that 
a theory employing local similarity is expected to be valid. Thus, the 
need for a detailed numerical integration of the boundary layer equa- 
tions can be avoided by the application of local. similarity. 

Hence, the errors in the boundary layer thickness caused 

In the supersonic and hypersonic flow 

Boundary layer thicknesses obtained from a technique employing the 
assumption of local similarity and properly corrected for transverse 
curvature and displacement interation effects are expected to be suffi- 
ciently accurate. 
layer profiles. The nonsimilar nature of the flow near the throat will 
influence the boundary layer in the downstream regions and m y  alter 
the shape of the profiles. 
theoretical profiles presented in later sections allow some conclusions 
regarding the influence of this prior history on the profiles. 

However, the technique may not give adequate boundary 

The comparisons of the experimental and 

11 



C. BOUMlARY LAYER THICMUESS pE!TEFW&WTION 

of the method due to Cohen and Re~hotko.~ In this technique, the pres- 
sure gradient parameter is obtained from a correlation employing the 
I t  incompressible" momentum integral equation. This equation is obtained 
by integrating Eq. (11) from Y = 0 to Y = 00 with the result 

! 

The boundary layer thicknesses are determined with a modification 

where the transformed momentum thic$tness, 0tr, and transformed displace- 
ment thickness, 6& , are defined as 

and 

It is particularly noteworthy that Eq. (52)-(54) are exactly th- same 
as those developed by Cohen and Reshotko without consideration of trans- 
verse curvature effects. 

Equation (52) is rewritten in tern of dimensionless wall shear 
and transformed velocity parameters defined as: 

Shear Parameter, 

(55 1 

Correlation number, 

With these parmeters, Eq. (52) can be written as 

* 
where Htr = 6tr/0tr is the form factor for incompressible flow. 

terms of mass and momentum defects within the boundary layer. 
The actual displacement and momentum thicknesses are defined in 

12 



Transgorming the integral f r o m  y to 7 with Eq. (6) 
for 6 gives 

where 

and 

and (19) and solxing 

Y (59) 

. 
In a similar fashion, the momentum defect in the boundary layer is 

Solution of Eq. (61) gives the momentum thickness as 

where 

* The quantities 62 and 02 are the thicknesses for thin wispmetric 
boundary layers and are calculated by the method of Cohen and Reshotko. 
In this technique, it is assumed that Eq. (47) and (48) with the Prandtl 
number set equal to unity adequately describe the bowdary layer. Thus, 
the profile parameters are obtained from the following equations: 

13 



f"' + ff" + 8(l.ts-ff2) = 0 

and 

s" + fS' = 0 

For given values of f3 and h, Eq. (64) and (65) can be solved and the 
profile parameters n, a,  and Htr can be determined from the relationships 

(65 1 

n=-[&]f3 9 and 

Htr = 0 (1s-f ')dv/Lw f (1-f ')dq . 
With the assumption of the applicability of Eq. (64) and (65), the 

right-hand side of the momentum integral equation (57) is a function 
only of p and Sw. Alternatively, f3 can be considered a function of n 
and S, so that Eq. (57) is written in terms of a IlhoMentum parameter, 
N, in the form 

Solution of Eq. (69) for a given S, will yield the pressure gradient 
parameter. 
and k) can then be consulted t o  obtain a and %r. 

The profile solutions of Reference 4 (given in terms of n 

Equation (69) is solved by assuming that the momentum parameter 
can be expressed by a linear equation in the form 

N = A + B n  (70 1 
where A and B are constants chosen from Reference 4 to give a good 
representation of N for each value of S 
into Eq. (69) and the result transforme5'from X to x, the correlation 
number, n is given by 

When Eq. (70) is substituted 

% 

where K = (37-1)/2(y-l) and no is the value of n at x = 0. 



With a prescribed, 
Ition nurdber n is comput 
are obtained from the tabulated profile solutions of Reference 4. 
The quantity 6tr is defined as the value of 7 fo r  which f' = 0.995. 
The local momentum thickpess, displacement thickness, and physical 
thickness are calculated from the following relationships: 

ee-stream flow properties, the correla- 
q. (71). The parameters Htr and 8tr/0tr 

7094 
flaw 

9 
82 = 

82 = 

Solutions for the 
digital computer. 

(73 1 

(74) 

system of equations were obtained with an I B M  
The computations were started in the subsonic 

at the nozzle entrance. The value of no was set equal to the 
value of n corresponding to a f3 of unity at the specified Q. 
(71) was then solved along the nozzle wall. No difficulty was encoun- 
tered in passing through the throat. 
from the external Mach rimer and specified geometry wfth the formulas 
for the isentropic flaw of a perfect gas with a3.1 arbitrary molecular 
weight and ratio of specific heats. 
was included in computation of area ratio derivatives. 

Equation 

All derivatives were computed 

The growth of the boundary layer 

An interative technique was employed to account for displacement 
interaction. 
ment thickness throughout the entire nozzle were computed and the dis- 
placement thickness obtained at each x-location was used to obtain the 
effectivenozzle radius for the next iteration. 
the effective nozzle radius for the ith iterative solution was set 
equal to the geometric radius minus the average value of the displace- 
ment thicknesses calculated during the (i-1) and (i-2) iterations, 
convergence of the technique is indicated in Fig. 2 where displacement 
thicknesses obtained from several iterations are shown. 
tion conditions of interest here, five iterations are required to 
obtain four-place accuracy in the displacement thickness. 
pruper 6$ thus determined, Eq. (59) was solved to obtain the displace- 
ment thickness corrected for transverse curvature effects. No further 
iterations of the solution were performed. 

The inviscid flow properties and boundary layer displace- ' 

At any given x-location, 

The 

For the stagna- 

With the 
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D. ALTEENATE TECHNI&uES OF ANA3;YSIS 
11. 

1. Method of Beckwith and Cohen 

The method of Cohen and Reshotko differs from that developed 
with the direct application of local similarity. 
cation of local similarity, the pressure gradient parameter, j3, is 
determined from Eq. (37) rather than from the correlation of N and n. 
The origin of each hy-pothetical flow which yields the local condition 
outside the boundary layer coincides with the origin of the physical 
flow. In the absence of displacement interaction, j3 depends only on 
the inviscid flow. 
of the boundary layer would also be expected to have some effect on 
the value of j3. 

With the usual appli- 

However, in a nonsimilar flow the previous history 

Various attempts have been made to improve on the basic 
integral methods for computing boundary lager properties. Hayes and 
Probstein” propose a technique where an arbitrary scaling parameter 
G(E) is introduced. 
determined by simultaneous solution of momentum and energy integral 
equations in conjunction with similar solutions of the boundary layer 
equations to obtain profile parameters. While this technique removes 
the,inconsistency in heat transfer calculations caused by neglect of 
the energy equation in the Cohen-Reshotko method, the influence of the 
prior history of the boundary layer is suppressed. In addition, the 
method is cumbersome to apply, particularly when displacement interaction 
effects must be included. 

The pressure gradient parameter and G(E) are 

Beckwith and Cohen5 propose a method for allowing prior 
history to influence the calculated boundary layer parameters, Local 
similarity in the boundary lager equations (28-33) is assumed but the 
origin of the similar flow is allowed to vary with the parameter EL 
The origin is determined by requiring that the energy integral equation 
be satisfied at every point along the wall. 
of the boundary layer enters in tlie definition of the pressure gradient 
parameter. 
transfer results, the energy integral equation, rather than the momentum 
integral equation, is aployed. 

Hence, the previous history 

Since the analysis was developed primarily to obtain heat 

The energy integral equation is obtained by neglecting trans- 
verse curvature ( R = l )  and integrating Eq. (29) from 7 = 0 to 11 = 
Setting the Prandtl number equal to unity and integrating gives 



The transformed convection thickness, htr, is defined as 

(76 1 
and 

become 

(77) 

For a locally similar flow with 91 = C = 1, Eq. (28) and (29) 

f'tf + ff" f B(l+s-f'2) = 0 

S" + fS' = 0 

It should be noted that Eq. (78) are exactly the sane as Eq. (64) and 
(65) of the Cohen-Reshotko method so that the profile solutions from 
the two methods can be interchanged. 

The energy integral equation for similar flow can be obtained 
either from Eq, (75) by setting all F, -derivatives equal to zero, or 
from Eq. (78) by integrating on q from 7 = 0 t o  q = CQ. The result is 

The origin of the locally similar flow which describes the 
boundary layer at any stream-wise location is obtained by requiring 
that Eq. (79) hold at all points in the flow, Substituting Eq. (79) 
into Eq. (75) and integrating from 5 = 0 t o  5 = F, gives the local 
origin T in the form 

where 

and [ (g,),], is the wall enthalpy gradient at some reference point. 
With the F, given by Eq. (80),  the pressure gradient parameter, B, can 
be determined. Thus 
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Transfoming Eq. (82) t o  .the (x.y) plane gives 

The pressure gradient parameter is  obtained by solution of 
However, the heat transfer function r i s  determined from 

Hence, an i terat ive method of solution must be used to  obtain B. 

Eq. (83). 
solution of the similari ty form of the profile equations which depend 
on B. 

The need for  i terat ion i n  the determination of B can be 
eliminated with an approximation t o  the method of Beckwith and Cohen. 
An empirical form fo r  @$ developed i n  Reference (5) is 

The parameters P, &, R, and N are functions ofTw and To evaluated by 
f i t t i n g  Eq. (84)  t o  the results of the similar profile solutions. For 
B 2 3, Eq. (84)  agrees with the profile solutions within approximately 
0.5 per cent.5 

For an isothemal wall, the heat transfer function i s  given 
bY 

r =  @ ' W  =L 0 (85 1 @ f w  fJ-1 

@ ' w , m  @'w,B=l @ ' w , m  

With Eq. (83-85), a different ia l  equation for B can be developed as 

where 

and BO is  s e t  equal t o  unity f o r  nozzle flows. 



Equation (%) is in a form which can easily be integrated 
With B and a given %/TO, the. with a digital computer to obtain B. 

tabulated profile solution can be consulted to obtain the boundary 
layer parameters of interest, 
cal to those of the Cohen-Reshotko method, the computing scheme 
described in the previous section can be employed here. 

Since the profile solutions are identi- 

The local values of were obtained by solving Eq. (86). The 
value of the correlation nutriber, n, and the profile parameters, H t r  and 
R, were obtained from the profile solutions. The localmomentm thick- 
ness, displacement thickness, and physical thickness were calculated 
from Eq { 72-74) . 

The iteration technique to account for  displacement interaction 
was exactly the same as that described in the previous section. It is 
t o  be noted that in nozzle flows the Beckwith-Cohen and Cohen-Reshotko 
methods differ only in the manner in which the pressure gradient param- 
eter is determined. 

2. Pohlhausen Methods 

In the application of the Pohlhausen technique, assumed 
velocity and enthalpy profiles are used in the solution of either the 
momentum integral equation or the energy integral equation. 
transverse curvature effects can be included directly with these 
methods, they were examined for possible application t o  high-enthalpy 
nozzle flows. 
Pohlhausen momentum integral method for low-enthalpy nozzle flows. 

Since 

Luce, Gregorek, and Lee3 report some success with the 

The velocity and enthalpy profiles are assumed to be given 
by fourth-order polynomials in the transformed y-direction. 
let 

That is, 

4 

and 
i=O 

4 

i=O 

where the transformation from y to q is given by 

Y 
r i = L /  A 0 p d y  Pl 

(90) 

and A is the transformed boundary layer thickness. 
ness, 6, is given in terms of Aby 

The physical thick- 

6 =*6 * 
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Application of boundary conditions a t  the w a l l  an6 at the 
outer edge of boundary layer (y = 6) gives' 

and 

where 

With the velocity and enthalpy profiles given by Eq. (93) 
and (94), the pertinent boundary layer parameters can be determined i n  
terms of h and B; e.g., 

. (96 1 6 Hw 
A h i  h i  2 

3 i, j 
Similar relationships can be given f o r  the displacement thickness 
defined by Eq. (25), the momentum thickness defined by Eq. (24), and 
the energy thickness defined by 

The boundary layer parameters were obtained with an i terat ive 
solution employing either the momentum integral  equation i n  the form 
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or  the energy integral equation 

(99 1 

At any given x-location in the nozzle, the value of @was estimated 
from that obtained at the previous step. 
conditions, A and A could then be computed from Eq. (95). The momentum 
thickness, 8; displacement thickness, B*; and convection thickness, 6 ~ ,  
were calculated from equations similar t o  Eq. ($) . 
integral solution, the value of @ was then adjusted until the 8 obtained 
from the assumed j3 agreed with that resulting from the solution of 
Eq. (98). 
was accomplished by solving Eq. ( 9 9 )  for 6 ~ .  

With specified free-stream 

In the momentum 

Similarly, in the energy integral solution, adjustment of @ 

Two techniques for including displacement interaction were 
employed. 
section. The alternate technique consisted of adjusting the effective 
nozzle radius at each x-location and reiterating to obtain the correct 
value of j3. Thus, the entire solution, including curvature and inter- 
action effects, was obtained in a single integration through the nozzle. 

The first technique was that described in the previous 

E. BOUNDARY LAXER PROFILES 

To evaluate the influence of transverse curvature and t o  allow 
comparisons of the experimental data with results from the various 
similarity methods, boundary layer profiles were obtained from solutions 
of Eq. (43-46), repeated below for convenience: 

(Rf")' f ff" + f3(l+s-ff2) = 0 (43 1 

where A1 is given by Eq. (39). 

(45 

The equations were solved for given free-stream flaw properties 
and values of f3 obtained from the various similarity analyses, 
tions were obtained both with and without the transverse curvature 
terms. 

Solu- 

An iterative technique was used t o  obtain the solutions. 
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Initial values of S(q)  and R ( 7 )  were assumed and Eq. (43) was solved 
for f ( q )  . 
first solution of Eq. (44). With this corrected distribution of S ( 7 )  , 
Eq. (45) was solved for R(q) .  Consecutive solutions for S(q) and R ( 7 )  
were performed until the solution for S(q) converged. 
for R and S were then used to obtain a corrected solution for Eq, (43) 
and the entire iteration procedure was repeated. The computations were 
terminated when the value of f"(0) converged within a specified error 
criterion. 

The assumed R ( 7 )  and the f (7) distributions were used in the 

The solutions 

The transformation from 7 t o  y is required to compare the experi- 
mental and theoretical profiles. When transverse curvature is included, 
this transformation is given by 

Y2 >+ 9 1- (1-2- cos a 
rW 

rW 
Y = -  [ cos a 

where y2 is the corresponding y-value when transverse curvature effects 
are neglected. Thus, 

with c(x) given by Eq. (60). The parameter A1 in Eq. (45) is related 
to C(X) by 

To compare profiles from the various methods, c(x) was adjusted so 
that each profile solution gave the correct physical boundary layer 
thickness. 
C ( X )  was obtained from 

That is, before the 11 to y transformation was performed, 

?lW P1 e(.) = 6 /  --7 , 
P 

where qco corresponds t o  a velocity ratio U/UI of 0.995 and 8 is the 
experimental boundary layer thickness, When curvature eff'ects were 
included, the differences between y and y2 were ignored and c(x) was 
determined from a solution neglecting curvature. The value of Ax was 
then computed from Eq. (102) and the profile solutions with curvature 
were obtained 

The main reason for obtaining these profile solutions was t o  test 
the ability of each technique to give adequate boundary layer profiles, 
The scaling of y separates the boundary layer thickness determination 
from the solutions for detailed profiles, 
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In addition to the similarity profiles, velocity and enthalpy pro- 
files resulting from the asymptotic solution of Coles17 were generated 
for comparison with the experimental data. 
asymptotic solutions for velocity and enthalm can be written as 

From Reference 17, the 

and 

A l3 of 20 was chosen to generate the asymptotic profiles. The scaling 
of y to give the correct boundary layer thickness discussed above also 
was employed with Eq. (104) and (105). 

111. EXPERIMENTAL APPARATUS AND PROCEDURES 

A.. WIND TUNNEL FACILITY 

The experimental studies were conducted in the OSU arc-heated wind 
tunnel. 
settling chmer, a conical nozzle, a free-jet test cabin, and a pres- 
sure recovery system. The heater was operated with air and provided 
stagnation enthalpies from 2000 to 6000 Btu/lb at stagnation pressures 
near 1 atmosphere. The usual run time for the facility in these studies 
was two hours, allowing the use of conventional wind tunnel instrumenta- 
t ion. 

The facility consists of a direct-current arc heater, a 

Boundary layer profiles were obtained with an electron beam and 
various probes described in the following sections. 
was projected through the nozzle wall and data were obtained from the 
length of beam Mediately outside of the exit orifice of the beam 
generating system. Since the nozzles were water cooled, insertion of 
a window to allow observation of the beam would have presented extreme 
mechanical difficulties. Instead, the beam was passed through the 
nozzle a small distance upstream of the nozzle exit. 
system, shown schematically in Fig. 3, viewed the beam from an oblique 

The electron beam 

The optical 
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to 
Vacuum System 

Diffuser 

Fig. 3 - Wind Tunnel Schematic 

to 
Optical 
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angle. 
I obtained by testing three separate nozzles. The nozzle geometry and 
nomenclature employed are shown in Fig. 4. The locations of stations 
3 and 4 were chosen to maintain a minimum distance from the point of 
observation to the nozzle exit equal to three boundary layer thicknesses, 

Boundary layer profiles at the various axial stations were 

B. ELECTRON BEAM INSTRUI!BN!I!ATION 
< 

With the electron beam, the rotational temperature, vibrational 
temperature, and concentration of molecular nitrogen can be measured 
at arbitrary locations within the flow. 
of the rotational and translational degrees of freedom is extremely 
rapid, a rotational temperature measurement gives an accurate measure- 
ment of the static temperature of the gas. 
were obtained from analysis of the N2+(0,0) band at 3914 A. 
gen vibrational temperatures were determined by measuring the relative 
intensities of the &+(0,1), (1,2), and (2,3) vibrational bands. The 
techniques of data interpretation have been described adequately else- 
where ' Y and will not be discussed here. The electron beam was 
generated with an energy near 15 keV and beam currents near 500 PA. 
The beam diameter was approximately 2 mm. Spectral resolution of the 
measurements was accomplished with a Jarrell-Ash 0.5-meter Ebert 
scanning spectrometer. The optical system used with the spectrometer 
is shown schematically in Fig. 5. 

Since the rate of equilibration 

The rotationa& temperatures 
The nitro- 

When an electron beam is passed through a partially ionized flow, 
thermal electrons trapped in a potential well centered around the beam 
contribute to the measur,ed beam current. This contribution has caused 
large fluctuations in the observed beam current and can lead to uncer- 
tainties in temperature determinations. 
fluctuating beam currents, the reference photomultiplier shown in 
Fig. 5 was employed. 
narrow band-pass filter with a half-wicth of approximately 100 A and a 
center of peak transmission near 3900 A. The radiation fromthe elec- 
tron beam was collimated by lens (2) (see Fig. 5) and passed through 
a 70-30 splitter. The major portion of the radiation was re-focused 
by lens (1) and passed into the spectrometer. 
light was focused by lens (3) through the filter onto the cathode of 
the reference photomultiplier. 
was employed with the spectrometer. 

To circumvent the effects of 

The reference photomulitplier was fitted with a 

The remainder of the 

A n  uncooled EMI 95028 photomultiplier 

The photo-currents were measured and amplified with Keithley model 
417(Kl) and &lo(=) pico-ammeters. 
entered an on-line analog computer where the ratio of the EMI and 
reference photomultiplier outputs was formed. 
versus wavelength on a X-Y plotter. 
photomultiplier outputs varied linearly with beam current, the result- 
ing ratio of the two signals was independent of beam current. 
the effects of changes in beam current during the course of a wave- 
length scan were automatically removed from the final recorded signals. 

The outputs from the pico-ammeters 

The ratio was plotted 
Since both the EMI and reference 

Hence, 
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The image of the electron beam was rotated through 90" by the 
dove prism so that the entrance slit and beam imge were perpendicular. 
With this arrangement, the spatial resolution of the measurements in 
the direction along the length of the beam (perpendicular to the nozzle 
wall) was better than 0.003 inch. 
was near one inch, this spatial resolution allowed detailed boundary 
layer profiles to be obtained. 
mounted on a traversing table so that data could be obtained from 
arbitrary positions along the length of the electron beam. 

Since the boundary layer thickness 

The spectrometer and optics were 

For the rotational temperature measurements, the spectrometer 
entrance and exit slit widths were set at 0.030 m. This value was 
chosen so that rotational lines in the Nz+(O,O) band with rotational 
quantum numbers greater than 3 were resolved. The time constants of 
the two photomultiplier circuits were adjusted to minimize the electri- 
cal noise without severly limiting the time response of the system. 
Rotational temperatures were obtained with a scan speed of 5 A/min. 
typical profile of the N2+(0,0) band obtained with the ratio of the two 
photomultiplier signals is shown in Fig. 6. 

A 

For vibrational temperature measurement, the slit widths of the 
spectrometer were set at 0.100 m and the ratio of the signals was 
integrated by the analog computer. The absolute ourtputs from each 
photomultiplier as well as the integration of the ratio of signals 
were displayed on X-Y plotters so that the effects of integrated noise 
could be examined. Band 
profiles obtained both at room temperature and with an elevated vibra- 
tional temperature are shown in Fig. 7 to illustrate the influence of 
vibrational temperature on the intensity distributions. The increase 
in relative intensity of the bands resulting from emission from upper 
vibrational energy levels at high vibrational temperature is evident 
in Fig. 7. 

Typical output records are shown in Fig. '7. 

Since only bands in the (0,l) progression were employed for 
vibrational temperature determination, no corrections for the spectral 
response of the optical system were applied. With the arrangement 
shown in Fig. 5 ,  rotational and vibrational temperature could be 
obtained with accuracies better than +. 3% and -Lt lo%, respectively. 

A limited nuniber of measurements of nitrogen concentration within 
the boundary layer were made with the electron beam. The density 
determination is based upon the linear dependence of the intensity of 
the beam-induced radiation with molecular nitrogen concentration. How- 
ever, the intensity of the observed radiation also varies linearly with 
the beam current. 
discussed above made accurate density determinations with the spectro- 
meter extremely difficult. 

The large random fluctuations of the beam current 

The density profiles within the boundary layer were obtained with 
a spectrograph recording the intensities on Kodak type lO3a-O spectro- 
scopic plates. A Baird 3-meter grating spectrograph was employed for 
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the density measurements and a limited nundber of rotational and vibra- 
, tional temperature meas'ure&ents'. With a reciprocal linear dispersion 
of 5.6 A/mm and a slit width of 0.100 mm, the instrument has sufficient 
resolution to separate the rotational lines within the Nz+(O,O) band; 

Each spectroscopic plate was calibrated to determine the relation- 
ship between radiation intensity and the photographic density. A 
National Spectrographic Laboratories recording microdensitometer was 
employed for data reduction. 
minutes was required to obtain optSnum photographic density. 

An exposure time of approximately 20 

The slit of the spectrograph was aligned with the electron beam. 
The beam-induced radiation was focused at the stigmatic point of the 
spectrograph so that each point along a spectral line corresponded to 
a particular location along the length of the beam. Density profiles 
thus were obtained from the intensity distribution along the spectral 
lines. A reference mark to indicate the precise location of the nozzle 
centerline was placed on each plate and the magnification of the optics 
was determined experimentally. 
corresponded to approximately three inches in the flow. 
resolution of these measurements was limited to 0.1 inch along the 
length of the beambecause of the slit width of the micro-densitometer. 

The full height of the spectral image 
The spatial 

Since all points along the spectral image respond identically to 
fluctuations in the beam current, the nondimensional density profile 
will not be affected by beam current changes. 
were obtained from the intensity distributions of several rotational 
lines. 
corrected for both rotational and vibrational temperature variations 
by the method given in Reference 18. 
spectrograph slit with the beam is required in this technique, density 
measurements were made only in the free-jet (nozzle station No. 1) 
where the alignment of the beam and slit could be checked during each 
wind-tunnel run. 

The density profiles 

The line intensity variations through the boundary layer were 

Since accurate alignment of the 

6, PROBES 

In addition to the electron beam, various boundary layer profiles 
The mass-flow were obtained with mass-flaw and pitot pressure probes. 

probe was connected to a vacuum system so that the shock wave system 
at the probe tip was "swallowed" by the probe. 
to assume that the probe inlet and capture areas are equal in this 
configuration, the law Reynolds number nature of the flow introduces 
uncertainties in the effective probe inlet area. For this reason, the 
probe was calibrated in a perfect-gas wind tunnel. 
Reynolds number expected in the arc-tunnel flow was duplicated in the 
perfect-gas facility and the effective inlet area determined. 

While it is customary 

The probe inlet 

The mss-flow rate per unit area was obtained with a calibrated 
orifice. The instrumentation system is shown schematically in Fig. 8. 
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The pressure upstream of the or i f ice  was  measured w i t h  a variable reluc- 

mass-flow ra te  during each wind-tunnel run by measuring the mass flow- 
ing through the probe w i t h  a bleed-up tank at  several locations within 
the boundary layer. 
the probe vacuum pumps and a continuous scan of mass flow rate per u n i t  
area was obtained w i t h  the pressure transducer and a position potentio- 
meter. The on-line analog computer was  used t o  convert the transducer 
and potentiometer outputs t o  corrected pressure and position; the pro- 
f i l e s  were recorded on a X-Y plotter.  W i t h  the Valve t o  the bleed-up 
tank and vacuum pmps closed, the probe recorded p i to t  pressure. 
calwind-tunnel records of p i to t  pressure and mass flow per unit area 
are given i n  Fig. 9. 

t tance pressure transducer. The.transducer output was  calibrated versus 

The bleed-up tank was  then connected direct ly  t o  

The external diameter of the probe in l e t  w a s  0.125 inch. The 
probe t i p  had sharp l ips  and w a s  interna- charribered t o  minimize the 
effect  of the low Reynolds number on measured p i to t  pressures. 

D. DATA AJXALYSIS 
I 

Boundary layer profiles were obtained by combining the data obtained 
from the e l ec t rw  beam and the probes. The s t a t i c  temperature ra t io ,  
T/Ti ,  was obtained direct ly  w i t h  the electron bean while the p i to t  pres- 
sure ra t io ,  pT2/pT~, and mass flow ratio,  pu/plul, were measured w i t h  
the probe. 
The various profiles were obtained as indicated below. 

The p i to t  pressure r a t i o  was assumed equal t o  pu2/plur2. 

k = 

and 

The properties of the inviscid flow at the outer edge of the 
boundary layer were obtained by assuming that complete chemical and 
vibrational freezing occurred at the nozzle throat. With the measure- 
ment of tunnel mass-flaw rate and stagnation pressure, the stagnation 
enthalpy w a s  obtained by assurning su1 equilibrium (chemical and t h e m -  
dynmic) expansion from the se t t l ing  chaniber t o  the nozzle throat. 
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The gas properties in the supersonic portion of the flow were obtained 
relations with a ratio of specific heats 

and molecular weight equal to those at the throat. With k n m  stagna-. 
tion conditions, measurement of local pitot pressure was sufficient to 
define all flow variables at the outer edge of the boundary layer. The 
mass-flow probe and electron beam data obtained in the high-speed core 
were employed to obtain flaw density, velocity, and static temperature, 
and the results were compmed with the values inferred from the pitot 
pressure measurement. 

6 f r a a  the usual isentrop 

Typical caparisons of the theoretical and experimental f low 
properties are given in Fig. 10. 
temperature resulting from assuming complete chemical and thermodynamic 
equilibrium in the expansion are included in Fig. 10 to illustrate the 
influences of flow chemistry on the inviscid flow properties. 
chemical composition of the gas corresponding to the data of Fig. 10 
is listed in Table I. 
nearly complete in the flow and that little nitrogen dissociation 
occurred. 

The flow density, velocity, and static 

The 

It is to be noted tat oxygen dissociation was 

Table 1 - Species Concentrations at To = b600°K, 
PO - 1.2 atn 

Concentration 
Species Moles/Mole of Mixture 

N2 

02 

AR 

N 

0 

NO 

0 , 5561 

0 a 0059 

0,0683 

0.07kl 

0.27l2 

0,0244 

The agreement between the measured inviscid flow properties and 
those computed with the frozen flow model is typically -I- 6%, substanti- 
ating the applicability of the theoretical method. 
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IV. IS;EsvLTS 

Pitot pressure surveys in the 
tions are shown in Fig. 11. It is 

ATID DISCUSSION 

boundary layer at the four test loca- 
to be noted that the nondimensional 

pitot pressure profiles at stations 3 and 4 are nearly identical.. This 
demonstrates that the profiles obtained at these stations are free from 
distrubances caused by slight pressure differences between the nozzle- 
exit static pressure and the pressure in the wind-tunnel test cabin. 
The effects of these pressure unbalances can be seen clearly in the 
pitot pressure profiles obtained in the near vicinity of the nozzle 
exit at stations 1 and 2. 

Typical comparisons of the theoretical and measured boundary layer 
thicknesses are Shawn in Fig. 12. The experimental displacement thick- 
nesses were detemnined from the effective inviscid area ratio obtained 
from the measured pitot pressure and the frozen flow model for the 
nozzle expansion process. The physical boundary layer thickness was 
defined as the distance from the nozzle wall to the 1ocalmaxinw.n in 
pitot pressure at the outer edge of the boundary layer. 

It is evident in Fig. 12 that the Pohlhausen techniques employing 
both the energy integral equation and the momentum integral equation 
are unsatisfactory. 
adequate boundary layer thicknesses is related to the allowable range 
fo r  the pressure gradient parameter, A, defined by Eq. (95). 
usual Pohlhausen method with no transverse curvature, an infinite pres- 
sure gradient corresponds to a A of 12.20 When curvature effects are 
included, the value of A for infinite pressure gradient depends on the 
value of f3 (Eq. 103) but does not vary appreciably from 12. 

The failure of the Pohlhausen methods to give 

In the 

For perfect gas flow through a nozzle, A can be given by 

A = f(A/A*)AGo Y 

where A is the transformed boundary layer thickness and f(A/A*) depends 
only on the nozzle geometry. Hence, large pressure gradient parameters 
result from large boundary layer thicknesses and high stagnation tempera- 
tures. 
low supersonic Mach numbers. Hence, the Pohlhausen methods are not 
applicable in high-enthalpy flows with stagnation conditions in the 
range investigated. 

In these studies values of A greater than 12 were obtained at 

The differences between the Beckwith-Cohen and Cohen-Reshotko 
boundary layer thicknesses shown in Fig. 12 are due solely to differences 
in the pressure gradient parameter, 8, resulting from each technique. 
In these integral methods only one of the integral equations, either 
the energy integral or momentum integral equation, is used to determine 
f3. When heat transfer data are of most interest, the energy integral 
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equation is employed; %he monentum.&-rtegral equation is used when skin 

Cohen energy integral method to give accurate displacement thicknesses 
is not surprising. 

l friction results are required?,Bence, the failure of the Beckwith-. 

The pressure gradient parameters resulting fromthe various tech- 
niques of analysis are compared in Fig. 12 for a typical set of wind- 
tunnel stagnation conditions. 
Cohen parameters are less than those of the other techniques. 
smaller values for  f3 influence the solution in the same manner as does 
a less favorable pressure gradient, leading to larger boundary layer 
thicknesses. 

It is to be noted that the Beckwith- 
The 

In Fig. 13 the B's  obtained from the Cohen-Reshotko method are 
compared with those obtained by requiring strict mathematical similarity 
(Eq. 37.) The differences between these values of f3 are most signifi- 
cant in the region of the throat. 
Eq. (37) would yield displacement thicknesses less than those obtained 
from the correlation of N versus n. 

In the supersonic flow, the B's from 

-. 

The agreement between the Cohen-Reshotko and the experimental 
thicknesses is shown in Fig. 12. 
six iterations of the solution were employed to account for the dis- 
placement interaction. 
regions of the expansion, the boundary 1a;yer comprised more than one- 
half of the nozzle f l o w  field so that the interaction effects were 
extreme. 

In the Cohen-Reshotko calculations, 

It is to be noted that in the high Mach nmiber 

The displacement thicknesses calculated with Eq. (59) , neglecting 
the effects of curvature on 88, are seen (Fig. 12) to over-estimate the 
actual thicknesseg by nearly 2076. This demonstrates that the influence 
of curvature on 62 canbe significant. To examine this influence, 
8g was determined from the profile solution, including the curvature 
terms, with pR = 1 and c(x) scaled to yield the proper velocity thick- 
ness. 
computed with Eq. (59). The various thicknesses are 'compared in 
Table 11. 

With this revised value of 68, the displacement thickness was 

Table I1 - Boundary Layer Thicknesses at x/W = 44.5 
To = k600°K, PO = 1.2 atm, pR = 1.0 

Case 8*/D* Re.WlXkS 

1 1.450 Experimental 
2 1.510 

4 1.288 Eq. (59) with 88 from profile 
Cohen-Reshotko 
Eq. (59) with 6 3 2 -26 

solutions 
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The results summarized in Fig. 12 and Table IT indicate that 
, better agreement betwem the theoretical and experimental displacement 
thicknesses is obtained with a consistent treatment of the curvature 
effects. That is, the displacement thickness is set equal to 8% when 
curvature is not included rather than using this 8s in Eq. (59). 
universal profile solutions do net exist when the curvature terms are 
retained in the boundary layer equations, a consistent solution with 
curvature necessitates solving for the profiles. In this case, detailed 
numerical integration of the boundary layer equations would be required. 

Since 

The method of Cohen and Reshotko over-estimates the boundary layer 
displacement thickness by approximately 4%. 
satisfactory for predicting the thickness distributions in high-enthalpy 
nozzle flaws. 
warrant using it for developing contours for parallel-flow nozzles or  
for determining the extent of displacement interaction in external flows. 
The improvements which might be offered by numerical integration of the 
boundary layer equations to account for transverse curvature, prior 
history, or the lack of similarity do not appear to justim the labor 
involved if only thickness information is desired. 
case, however, for the determination of wall shear and heat transfer 
rates. 

Hence, it is entirely 

The technique yields data of sufficient accuracy to 

This m y  not be the 

B. BOUNaARY UYER PROFILES 

The distributions of the rotational temperature of molecular 
nitrogen through the boundary layer obtained with the electron beam 
are shown in Fig. 14 and 15. The temperature surveys obtained over a 
range of stagnation enthalpies from 2000 t o  6000 Btu/lb at a fixed 
axial location (Fig. 14) and those obtained at various axial stations 
(Fig. 15) show that the temperature profile is determined mainly by the 
wall temperature ratio. 
temperature and free-stream static temperature have the same shape when 
displayed in a nondimensional fashion. 
the boundary layer pressure gradient parameter is to be expected in the 
region of the flow field examined, the congruence of the temperature 
profiles with equal wall temperature ratios suggests that similarity 
in the boundary layer applies in the flow region. 

Profiles with nearly equal ratios of wall 

Since only minor variations in 

The profiles in the free jet exhibit a shape difference from that 
obtained within the nozzle. As shown in Fig. 15, the temperature peak 
in the free-jet viscous layer is shifted toward the flow centerline. 
In addition, even though the free-jet data were obtained at a distance 
downstream of the nozzle exit equal t o  only 1/5 of a boundary lager 
thickness, the character of the profile near the outer edge of the jet 
(in the region near the nozzle wall) was significantly altered. 

Some error in the nondimensional location of the free-jet tempera- 
ture data is t o  be expected since it was impossible to define the exact 
location of the outer edge of the jet. For this reason, the radius of 
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the free jet was arbitrarily chosen equal to the nozzle-exit radius. 
A shift of the outer edge toward the nozzle centerline of approximately 
0.10 inch would be required to bring the temperature peak to a nondimen- 
sional location equal to those of the other profiles. This shift would 
result in a flow turning angle at the wall of nearly 35' and would be 
accompanied by a strong exit shock wave system. 
pressure profiles indicate any measureable exit wave system (Fig. 11). 

None of the pitot 

The change in the shape of the profile in the free jet is most 
probably related to the removal of the wall boundary conditions. 
viscous layer examined actually was supported by a constant pressure 
boundary rather than by a solid wall so that the no-slip and wall- 
temperature conditions did not apply. 
analyzed with techniques employed to study the nonsimilar regions of 
free shear layers. 21,22,23 
free-jet and boundary layer profiles will be identical. 

The 

Hence, this flow should be 

There is no real reason to expect that the 

The measured vibrational temperature profiles are shown in Fig. 16. 
It is to be noted that only a minor amount of vibrational relaxation 
occurs in the boundary layer, even in the region adjacent t o  the nozzle 
wall. 
recombination generally requires three-body collisions, the lack of 
significant vibrational relaxation indicates that chemical recombination 
within the body layer was extremely unlikely. 

Since vibrational relaxation is a two-body process, while chemical 

An anomolous effect in the degree of vibrational relaxation is 
evident in Fig. 16. 
wall, the vibrational temperature of molecular nitrogen increases as 
the nozzle exit is approached. However, if the vibrational relaxation 
were a simple function of gas residence time, the trend of vibrationaL 
temperature near the wall shown in Fig. l6 would be reversed. 
as the gas particles proceed through the flow field, the trend of vibra- 
tional relaxation should be toward equilibration of the translational 
and vibrational degrees of freedom. 
and there is an indication of a possible influence of the wall on the 
degree of vibrational relaxation which requires further study. 

It is to be noted that in the region near the 

That is, 

That is not the case, however, 

Detailed examination of the density profile was conducted at one 
axial station. 
flow probe. 
measuring the relative concentrations of molecular nitrogen with the 
electron beam. 
temperature profile in Fig. 17. 

The gas density ratio was determined with the mass 
In addition, the local density ratio was determined by 

These profiles are compared with the reciprocal of the 

The density obtained with the electron beam is that of molecular 
nitrogen while the mass-flow probe yields total gas density. 
for the range of stagnation conditions examined molecular nitrogen 
acts as an inert dilutent, the agreement between the density profiles 
of Fig. 1-7 indicates that little chemical activity existed in the 

Although 
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boundary layer. In addition, the comparisons of the theoretical &d 
I experimental temperature profiles discussed in the following section 
show that the local static temperatures in the boundary layer were 
lower than those predicted by a perfect gas theory. If significant 
chemical recozibination occurred in the boundary layer, it is likely 
that the measured temperature would be higher than the predicted values. 
The agreement of the density profiles evident in Fig. 17 and the small 
amount of vibrational relaxation indicated by the vibrational tempera- 
ture data lead to the conclusion that there was no measureable chemical 
recombination within the boundary layer. 

Typical nondimensional pu profiles obtained with the mass flow 
probe are compared with the profiles obtained by cozibining the pitot 
pressure and temperature data (Eq. 16) in Fig. 18. 
between the data obtained with the two techniques is apparent. The 
profiles obtained at all nozzle stations are summarized in Figo 19. 
The profiles in the free jet reflect the different character of the 
viscous layer on a constant pressure boundary in agreement with the 
temperature data. 
nozzle are compared in Fig, 20, 

The good agreement 

The nondimensional velocity profiles within the 

The profiles obtainedby combining the probe data could not be 
extended completely through the boundary layer. As the probe was moved 
toward the wall, the local pitot pressure decreased, reducing the pres- 
sure drop across the probe inlet. 
the inlet shock-wave system was no longer "swallowed" by the probe so 
that the probe operation became subcritical causing the capture and 
inlet areas to be unequal. The location in the boundary layer corre- 
sponding to the occurrence of subscritical operation is easily recognized 
in data reduction by a sharp increase in the indicated flow velocity. 

At pitot pressures below 5 rn Hg, 

The experimental velocity and temperature profiles are compared 
with the theoretical profiles in Fig.. 21 and 22. Since the probe com- 
parisons at a11 nozzle stations are essentially identical, theoretical 
profiles are presented only for station 3. 

Velocity and temperature profiles were computed for various values 
of the pressure gradient parameter. 
Prandtl nuzdbers of 1.0 and 0.7. Little variation in the velocity pro- 
file was obtained for values of the pressure gradient parameter 
ranging from zero to those obtained from the correlations of Cohen and 
Reshotko and from integration of the external flow parameters to force 
local similarity (Eq, 37). 

Computations were performed with 

The comparisons of the theoretical and experimental temperature 
profiles shown in Fig. 22 demonstrate that the temperature distribu- 
tion shows much sensitivity to the technique of computation. It is 
particularly notable that the flat-plate temperature profiles ( f 3 4 )  
greatly over-estimate the peak temperature in the boundary layer, 
Since the flow gradients in the high Mach number regions of the 
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expansion are small, it frequently is assumed thEt the temperature pro- 
file can be estimated with flat plate results. However, because of.the 
large boundary layer thickness, the layer is characterized by a high 
pressure-gradient parameter and the flat plate theory clearly is not 
applicable. 

Similar conclusions regarding the applicability of Crocco's 
equation can be reached from the temperature comparisons. 
plate flow with pR = 1 is assumed, the velocity and stagnation enthalpy 
profiles are related linearly in the form. 

When flat 

from which is obtained 

The experimental velocity ratios were used to evaluate T/Tx from 
Eq, (109). 
gives a poor representation of the temperature profile. 

It is readily observed in Fig. 22 that Crocco's equation 

The effect of transverse curvature is minor and is over-shadowed 
by the Prandtlnurdber influences. The magnitude of the temperature 
peak is decreased by both curvature and decreasing Prandtl numbers. 
The temperature profile computed with a Prandtl number of 0.7 gives a 
better representation of the experimental temperature distribution, 
particularly in the regions near the outer edge of the layer. 

The differences between the theoretical and experimental profiles 
shown in Fig. 21 suggest that the boundary layer is characterized by 
an extremely large pressure-gradient parameter. 
influence of large pressure-gradient paramenters, profiles were com- 
pared with the asymptotic solution of ColesL7 (Eq. 104 and 105). 
asymptotic temperature profile is seen t o  give a poor representation 
of the overall temperature distribution. 
solution yields a temperature "undershoot" which appears to be char- 
acteristic of the similar solutions obtained with high pressure- 
gradient parameters. 
tion of Eq. (43-46) indicates a temperature undershoot which increases 
in magnitude as the value of the pressure-gradient parameter is 
increased. Inclusion of the transverse terms and nonunity Prandtl 
numbers reduce the undershoot. 

To examine the 

The 

However, the asymptotic 

Examination of the profiles obtained from solu- 

The comparison between the profile computed with a Prandtl number 
of 0.7 and the experimental data is repeated in Figo 23. In addition, 
the error band associated with the data is indicated. 
based on a maximum uncertainity of I 3% in the temperatures; the error 
limits shown in Fig. 23 correspond to the mixbum deviation which could 
result from the temperature uncertainty. 

The error is 
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The small difference between the experimental and theoretical 
, profiles which remains after error analysis illustrates that in the. 
high Mach number regions of the flow, a boundary layer theory employ- 
ing the assumption of local similarity gives an accurate representation 
of the boundary layer profiles. 

v. coNcLusIoNs 

The method developed for predicting boundary layer thicknesses in 
high-enthalpy nozzle flows has proved completely adequate, even when 
the,bowdary layer comprises a major portion of the flow field. The 
influences of transverse curvature on the thickness distribution are 
minor. Pohlhausen methods and the energy integral technique of 
Beckwith and Cohen were found to over-estimate the thicknesses by 
large amounts. 

For stagnation enthalpies from 2000 to 6000 Btu/lb at stagnation 
pressures near one atmosphere, no chemical recombination and little 
vibrational relaxation were found to occur within the boundary layer. 
However, an anomolous effect on the rate of equilibration of the 
vibrational and translational degrees of freedom for molecular nitro- 
gen was obtained. 
relaxation near surfaces in high-enthalpy flaws should be conducted to 
investigate the surface effects in more detail. 

More experimentation on the rate of vibrational 

Comparisons of the theoretical and experimental boundary layer 
profiles demonstrate that a theory employing local similarity is 
adequate in the high Mach nutuber regions of the expansion. 
in these regions the stream-wise gradients in flow properties are 
small, the large thickness causes the boundary layer to be characterized 
by a high value of the pressure-gradient parameter. 
theories were found to greatly over-estimate the peak temperature in 
the boundary layer. 

Although 

Hence, flat plate 

The influence of transverse curvature in the boundary layer pro- 
It was found that curvature must be included files was investigated. 

only to explain the finer features of the flow. 

The similaritymethods were found to be unsatisfactory in describ- 
ing the structure of the viscous layer in the free jet. 
of the wall temperature and no-slip conditions was found to be effec- 
tive in atering the profiles, even at very smll distances downstrean 
of the nozzle exit. 
ported by a constant pressure boundary should not be examined with 
usual boundary layer theory.' 

"he removal 

"he results suggest that the viscous layer sup- 
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The results reported here for high-enthalpy nozzle flaws should 
be equally applicable in external flaws. 
chemistry can be applied, adequate boundary layer thicknesses can be 
obtained with the method of Cohen and Reshotko. In addition, boundary 
layer profiles can be predicted accurately whenthe proper values for 
the pressure-gradient parameter are used with the locally similar form 
of the boundary layer equations. 

When the assumption of frozen 
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